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Definition 11 $\mathrm{B}$ $(\mathrm{P}, \mathrm{B})$
transversal design $TD_{\lambda}(u\lambda)(u>1)$ .
(i) $|\mathrm{P}|=u^{2}\lambda$ $\mathrm{P}$ $u$ $u\lambda$ $\mathrm{P}_{1},$ $\mathrm{P}_{2}$ , $\cdots,$ $\mathrm{P}_{u\lambda}$
.
$p,$ $q(p\neq q)$ $=\{$
0 $(p, q\in \mathrm{P}_{i}, \exists i)$
$\lambda$ ( )
(ii) $|B\cap \mathrm{P}_{i}|=1(\forall B\in \mathrm{B}, \forall \mathrm{i}\in\{1,2, \cdots, u\lambda\})$.
( $|B|=u\lambda$ , $|\mathrm{B}|=u^{2}\lambda$ . )
Example 12 $TD_{2}(4)$ . $=\{1,2, \cdots, 8\}$ $\mathrm{P}_{1}$ , P2, P3, P4
point classes . $\mathrm{P}_{1}\sim \mathrm{P}_{4}$ 8 ,
point class 1 .
$\mathrm{P}_{4}=\{7_{j}8\}\mathrm{P}_{3}=\{5,6\}\mathrm{P}_{2}=\{3,4\}\mathrm{P}_{1}=\{1,2\}$ $\{\begin{array}{l}1358\end{array}\}\{\begin{array}{l}2357\end{array}\}\{\begin{array}{l}\mathrm{l}457\end{array}\}\{\begin{array}{l}1367\end{array}\}\{\begin{array}{l}2467\end{array}\}\{\begin{array}{l}1468\end{array}\}\{\begin{array}{l}236\mathrm{S}\end{array}\}\{\begin{array}{l}2458\end{array}\}$
Result 13 $(\mathrm{P},\mathrm{B})$ $TD_{\lambda}(u\lambda)$ , Singer (i.e. )
$G$ . $p\in \mathrm{P}$ $B\in \mathrm{B}$ $D=\{x\in G|p^{x}\in$
$B\},$ $U=\{x\in G|p^{x}\in \mathrm{P}_{1}\}$ ( , $p\in \mathbb{P}_{1}$ ) .
(i) $U$ $u$ $G$ .
(ii) $DD^{(-1)}=u\lambda+\lambda(G-U)$ . ,
$\#\{Dx|a, b\in Dx, x\in G\}=\{$
0 $(Ua=Ub)$
$(\forall a, b\in G, a\neq b)$ .
$\lambda$ $(Ua\neq Ub)$
(iii) $D$ $G/U$ . $G=UD$
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( ) $G$ $S$ .
$S^{(-1)}=\{x^{-1}|x\in S\}$ , $S$ $\hat{S}(=\sum_{x\in S}. x\in \mathbb{C}[G])$
Example 14 Example 12 $X$ $X$
$X\triangleright A\triangleright T\triangleright K\triangleright 1$ .
$K$ $=$ $\langle(1,2)(3,4), (1,2)(5,6), (1,2)(7,8)\rangle(\simeq \mathbb{Z}_{2}\mathrm{x}\mathbb{Z}_{2}><\mathbb{Z}_{2})$
$T$ $=$ $\langle(1,3)(2,4)(5,7)(6,8), (1,5)(2,6)(3,7)(4,8)\rangle K$
$A$ $=$ $\langle(1,3,5)(2,4,6)\rangle T$
$X$ $=$ $\langle(1,3)(2,4)\rangle A$
, $\Omega=$ { $\mathrm{P}_{1}$ , P2, F3, P4}
$G^{\Omega}\simeq Sym(4)$ , $A^{\Omega}\simeq Alt(4)$ , $T^{\Omega}\simeq \mathbb{Z}_{2}\mathrm{x}\mathbb{Z}_{2}$ , $K^{\Omega}=1$
. $X$ 4 .
Result 13 $p=1,$ $B=\{1,3,5,8\}$ $D$
.
(1) $G=\langle a, b\rangle$ , $a=(1,3,5,7)(2,4,6,8),$ $b=(1,2)(3,4)(5,6)(7,8)$
$G\simeq \mathbb{Z}_{4}\mathrm{x}\mathbb{Z}_{2}$ , $D=\{1, a, a^{2}, a^{3}b\})$ $U=\{e, b\}$ .
(2) $G=\langle a, b\rangle$ , $a=(1,3,5,7)(2,4,6_{\dot{\mathit{1}}}8),$ $b=(1,2)(3,8)(4,7)(5,6)$
$G\simeq D_{8}$ , $D=$ { $1,$ $a,$ $a^{2}$ , ab}, $U=\{1, b\}$ .
(3) $G=\langle a, b, c\rangle$ , $a=(1,3)(2,4)(5,7)(6,8),$ $b=(1,5)(2,6)(3,7)(4,8)$ ,
$c=(1,2)(3,4)(5,6)(7,8)$ ,
$G\simeq \mathbb{Z}_{2}\mathrm{x}\mathbb{Z}_{2}\mathrm{x}\mathbb{Z}_{2}$, $D=\{1, a, b, abc\}$ , $U=\{1, c\}$ .
(4) $G=\langle a, b\rangle$ , $a=(1,3,2,4)(5,7,6,8),$ $b=(1,5,2,6)(3,8,4,7)$
$G\simeq Q_{8}$ , $D=$ { $1,$ $a,$ $b$ , ab}, $U=\{1, a^{2}(=b^{2})\}$
Result 1.5 $G$ $U(\neq 1)$ $D$ .
$DD^{(-1)}=k+\lambda(G-U)$ $G=UD$ .
$|U|=u$ .
(i) $G=u^{2}\lambda,$ $|D|=u\lambda(=k)$ .
(ii) $\mathrm{P}=G,$ $\mathrm{B}=\{Dx|x\in G\}$ $(\mathrm{P}, \mathrm{B})$ $TD_{\lambda}(u\lambda)$ .
$\mathrm{P}\ni x\mapsto xg\in \mathrm{P}(\forall g\in G)$ $(\mathrm{P}, \mathrm{B})$ , $G$ $(\mathrm{P}, \mathrm{B})$
. $G=\cup d\in DUd$
.
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Definition L6 $D$ $U$ ( $u$ , \lambda \succ .
Remark 17 Result 13 , $G$ $\{\mathrm{P}_{1}, \cdots, \mathrm{P}_{u\lambda}\}$ ,
$U$ $\mathrm{P}_{1}$ . $U$
$U\triangleleft G$ . , $G/U$ $\{\mathrm{P}_{1}, \cdots, \mathrm{P}_{u\lambda}\}$ .
$(u$ , \lambda $)$\lambda .
: $u,$ $\lambda$ . , $G$ .
$(u$ , \lambda $)$
.
Proposition 18 .





, . $u^{2}\lambda$ , $u,$ $\lambda$
$(u, \lambda)$




Result 21 (i) $\mathbb{Z}_{p^{2}}\mathrm{x}\mathbb{Z}_{p}$ (Ma-Pott [4] )
(ii) $\mathbb{Z}_{p}\mathrm{x}\mathbb{Z}_{p}\mathrm{x}\mathbb{Z}_{p)}M(p),$ $M_{3}(p)$ ( , )
(iii) $D_{8},$ $Q_{8}$ ( , Example 14 )




Result 2.2 (i) $(\mathbb{Z}_{7}\aleph \mathbb{Z}_{3})\mathrm{x}\mathbb{Z}_{3}$ ( )
(ii) $\mathbb{Z}_{p}\cross \mathbb{Z}_{p}\mathrm{x}\mathbb{Z}_{q}(p<q)$ ( , S. L. Ma 1996 [5])
(iii) $\mathbb{Z}_{p}\mathrm{x}\mathbb{Z}_{p}\mathrm{x}\mathbb{Z}_{q}(p>q)$ ( )
(iv) $p^{2}q$ ( )
(v) $p=3,$ $q\equiv 2(\mathrm{m}\mathrm{o}\mathrm{d} 3)$ ( , )
, $u=p$ ( ) .
Proposition 23 $p^{2}m$ $G$ $p$ $U$ $(mp,p)$
, $p$ $N$ $N\not\supset U$ $m$
square free part $m^{*}$ $p_{1}(\neq p)$ $\mathrm{O}\mathrm{r}\mathrm{d}_{p}(p_{1})\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 2)$
.
Corollary 2.4 Proposition t $p=3$ $m^{*}$
$p_{1}(\neq 3)$ $p_{1}\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 3)$ , $x^{2}+3\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} 3)$
$x$ .
3 CASE $|G|=p^{2}qr$
u=p( ) $\lambda=qr$ ( $q,$ $r$ ) .
Subcase $p\neq q$ $p\neq-r$
.
(i) $(p, qr)=(2,6)$ : $G=SL(2,3),$ $Q_{24},$ $Q_{8}\mathrm{x}\mathbb{Z}_{3}$
(ii) $(p, qr)=$. $(3,4)$ : $G=Q_{12}\mathrm{x}\mathbb{Z}_{3},$ $A_{4}\mathrm{x}\mathbb{Z}_{3},$ $\mathbb{Z}_{6}\mathrm{x}\mathbb{Z}_{2}\mathrm{x}\mathbb{Z}_{3}$ (Berkesch et al.
2002)




$p=q=r$ ( $u=p,$ $\lambda=p^{2}$ , $|G|=p^{4}$ )
.
3 , :
(1) $M_{4}(p)=\langle a, b|a^{p^{3}}=b^{p}=1, b^{-1}ab=a^{p^{2}+1}\rangle$
(2) metacyclic $MC_{p^{4}}=\langle$$a,$ $b|a^{p^{3}}=$ $2=1$ , $b^{-1}ab=a^{p+1}\rangle$
(3) order 81 $P_{81}=\langle a,$ $b,$ $c|a^{9}=b^{3}=c^{9}=1$ ,
$a^{3}=c^{3},$ $a^{c}=ab,$ $b^{\mathrm{c}}=a^{3}b,$ $ab=ba\rangle$
:
(1) $Z_{p}\mathrm{x}\mathbb{Z}_{p}\mathrm{x}\mathbb{Z}_{p}\mathrm{x}\mathbb{Z}_{p}$ ($p>2$ , )
(2) $Z_{p^{2}}\mathrm{x}\mathbb{Z}_{p}\mathrm{x}\mathbb{Z}_{p}$ ( , )
(3) $G=\mathbb{Z}_{p^{4}}$ ( )
(4) $Z_{p^{3}}\mathrm{x}\mathbb{Z}_{p}$ ( )
(5) $\mathbb{Z}_{p^{2}}\mathrm{x}\mathbb{Z}_{p^{2}}$ ( )
Remark 31 (5) .
, (I)(II) $(p,p^{n})$ .
(I) $G\simeq \mathbb{Z}_{p^{n}}+1\mathrm{x}\mathbb{Z}_{p^{n+1}}$ , $U=\{0\}\mathrm{x}\mathbb{Z}_{p}$ ($n=0$ )
(II) $G\simeq \mathbb{Z}_{p^{n+1}}\mathrm{x}\mathbb{Z}_{p^{n}}\mathrm{x}\mathbb{Z}_{p}$ , $U=\{0\}\mathrm{x}\{\mathrm{O}\}\mathrm{x}\mathbb{Z}_{p}$ ($n=0,1$ )
$\mathbb{Z}_{p^{2}}\mathrm{x}\mathbb{Z}_{p^{2}}$ .
$5\mathrm{S}$
4 $\mathbb{Z}_{p^{2}}\mathrm{x}\mathbb{Z}_{p}2$ ($p$ ,p2)-
Ma-Schmidt $p$ ([6]).
$\mathbb{Z}_{p^{2}}\mathrm{x}\mathbb{Z}_{p^{2}}$ ($p$ ,p2)p .
.
Result 4.1 (C. Remling, et. al. 1996) $\mathbb{Z}_{9}\mathrm{x}\mathbb{Z}_{9}$ $(3, 9)$Z
.
S. L. Ma B. Schmidt .
Theorem 4.2(Ma-Schmidt [6]) $p$ $G=\langle a\rangle\rangle\langle\langle b\rangle\simeq \mathbb{Z}_{P^{2}}\mathrm{x}$
$\mathbb{Z}_{p^{2}}$ ($p$ ,P2)2 $D$ .
$D= \sum a^{i}b^{j}\sum_{x0\leq i,j\leq p-1\in \mathbb{Z}_{p}}(a^{p})^{x}(b^{p})^{u_{ij}x^{2}+v_{ij}x+w_{ij}}$





Theorem 43( [3]) $\mathbb{Z}_{9}\mathrm{x}\mathbb{Z}_{9}$ $(3, 9)$Z .
Ma-Schmidt .





Theorem 42 $u_{ij},$ $v_{ij},$ $w_{\dot{\mathrm{z}}j}$
.
.
$\bullet$ $\mathbb{Z}_{p}\mathrm{x}\mathbb{Z}_{p}\mathrm{x}\mathbb{Z}_{p}$ , p2) .
$\bullet$ $\mathrm{I}\mathrm{M}(p),$ $\mathrm{M}\mathrm{I}_{3}(p)$ ($p$ ,p2)2 .
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$\bullet$ $\mathbb{Z}_{p}\mathrm{x}\mathbb{Z}_{p}\mathrm{x}\mathbb{Z}_{q}(p>q)$ ($p$ , q)
.
$\bullet$ $9q(q\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 3))$ (3, q)q
.
$\bullet$ $p=3<q\leq r$ $q\equiv r\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 3)$ (3, qr)r
.
$\bullet$ $M_{4}(p),$ $MC_{p^{4}},$ $P_{81}$ ($p$ ,p2)p
.
$\bullet$ $a>1$ $\mathbb{Z}_{p^{a+1}}\mathrm{x}\mathbb{Z}_{p^{a+1}}(p>2)$ ($p$ ,p2\sim
.
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